Abstract. A function N → N is near exponential if it is bounded above and below by functions of the form 2 n c for some c > 0. In this article we develop tools to recognize the near exponential residual finiteness growth in groups acting on rooted trees. In particular, we show the near exponential residual finiteness growth for certain branch groups, including the first Grigorchuk group, the family of Gupta-Sidki groups and their variations, and Fabrykowski-Gupta groups. We also show that the family of Gupta-Sidki p-groups, for p ≥ 5, have super-exponential residual finiteness growths.
Introduction
The notion of residual finiteness growth (depth function) measures how efficiently finite groups approximate a given group. In this article, we begin a stratification of a well-known class of non-linear groups via residual finiteness growths. This class consists of groups admitting a "nice" action on a d-regular rooted tree 1 . This is the class of branch groups: groups admitting a lattice of subnormal subgroups with the branching structure following the structure of the tree on which the group acts. The class of branch groups, defined in [Wil71] and [Gri00] , is one of three classes that partition the class of all just-infinite groups, that is infinite groups all of whose proper quotients are finite. Furthermore, the class of branch groups contains many examples of groups with remarkable algebraic properties. One of them is the first Grigorchuk group [Gri80] , Γ, that comes equipped with a natural embedding into the automorphism group of a rooted binary tree, T 2 . This group is far from being linear: it is a just-infinite 2-group, it is commensurable with Γ × Γ, and has intermediate word growth (see [Gri05] for a survey on Γ). Moreover, the group Γ has exponential depth function [BR10] . Before we state our results, we recall the definition of some residual finiteness growth functions.
Let G be a finitely generated residually finite group. The depth function of an element g ∈ G \ {1} is defined as follows D G (g) = min{|G : N |, N ⊳ G and g / ∈ N }.
For a fixed finite generating set S of G and g ∈ G denote by ||g|| S the word length of g with respect to S. Define the residual finiteness growth as
Let B S G (n) = {g ∈ G | ||g|| S ≤ n} be the word metric n-ball. Define the full residual finiteness growth Φ S G as Φ S G (n) = min{|Q| : B S G (n) injects into Q through an epimorphism φ : G → Q}. Clearly, one has F S G (n) ≤ Φ S G (n). For two functions f, g : R → N we write f g if there exists C > 0 such that f (n) ≤ g(Cn). We say that f and g are equivalent (f ≈ g) if f g and g f . It follows from [BR10, Lemma 1.1] and [BRSa, Lemma 1.1] that for two finite generating sets S 1 and S 2 of G, the following equivalences hold:
G . We will denote the equivalence class of the depth functions F S G and full depth function Φ S G of the group G by F G and Φ G respectively. We are now ready to state our results. In our first result, we will already see that the concept of depth function is appropriate when dealing with branch groups, as it quantifies how far down the tree the group acts nontrivially. The reader can find the precise definitions of regular branch groups, contracting property and congruence subgroup property in §2. Theorem 1. Let H be a finitely generated group acting on a rooted d-regular tree. Suppose that H is regular branch and contracting with contraction coefficient λ < 1. Then
Remark. In [Nek05, Lemma 2.13.9] it is shown that the contracting coefficient λ satisfies 1 log d (1/λ) ≥ 1. Thus, any upper bound achieved by Theorem 1 is at least exponential.
For just-infinite regular branch groups with the congruence subgroup property, we can find that their growths are super-polynomial.
Theorem 2. Let H be a finitely generated just-infinite group acting on a rooted d-regular tree. Suppose that H is regular branch with the congruence subgroup property.
A map is near exponential if it is bounded above and below by expressions of the form 2 n c for c > 0. We immediately obtain the following.
Corollary 3. Let H be a finitely generated just-infinite regular branch contracting group with the congruence subgroup property. Then Φ H and F H are both near exponential.
It is remarkable that Corollary 3 indicates that regular branch contracting groups with the congruence subgroup property sit in the class of nonlinear groups in a way analogous to how arithmetic groups, and even nilpotent groups, sit in the class of linear groups. That is, the residual finiteness growths of these groups do not wander that far away from each other. It was shown in [BRK12a] that arithmetic groups have precisely polynomial growth of a fixed degree. In [BR10] , it was shown that nilpotent groups have polynomial in logarithm residual finiteness growth (and in [BRSa] it is shown that the full residual finiteness growth of many nilpotent groups is precisely n b for some positive integer b). Finally, it was shown that all finitely generated linear groups have polynomial residual finiteness growth in [BRM] . So while the class of arithmetic groups have residual finiteness growth clustering around polynomials, and nilpotent groups around polynomial in log functions, the class of branch groups clusters around exponential functions.
We can strengthen the conclusion of Corollary 3 in some cases, which includes the first Grigorchuk group. We prove this in §4.
Corollary 4. Let H be a finitely generated just-infinite group acting on a d-regular tree. Assume that H is (1) regular branch with the congruence subgroup property; (2) contracting with the contraction coefficient λ < 1.
Suppose there exists a sequence of nontrivial elements h i ∈ H such that h i ∈ Stab H (i) and
The class of regular branch groups is rich and well-studied. Please see Examples 11 for a quick overview of existing examples.
Our next result shows that the conclusion of Corollary 3 cannot be strengthened over the class of all finitely generated just-infinite regular branch contracting groups with the congruence subgroup property. We prove this result in §5.
Theorem 5. Let r > 0. Then there exists a prime p such that if G p is the Gupta-Sidki p-group, then F Gp (n) 2 n r .
Moreover, G p for p ≥ 5 have super-exponential residual finiteness growths.
We have also developed methods to deduce near exponential full residual finiteness growth under some weaker assumptions on a group. We prove the following in §5. Note that the Pervova group does not have the congruence subgroup property [Per07] .
Proposition 6. The Pervova group has near exponential Φ G growth.
As an application of our results, the polynomial residual finiteness growth can be used to distinguish non-linear groups. Namely, showing that a group does not have polynomial depth function is a way to show it is not linear [BRM, Theorem 1.1]. Hence applying Theorem 2 we have the following.
Corollary 7. A finitely generated just-infinite regular branch group with the congruence subgroup property is not linear.
A more general result on non-linearity of any weakly branch (and, therefore, any branch) group was shown in [Abe06] .
It would be interesting to determine whether intermediate growth occurs in the class of branch groups (or even in the class of all finitely generated groups).
This article is organized as follows. In §2.1 we present notation on residual finiteness growth functions. In §2.2 we present notation and prove some basic properties about branch groups, self-similar and contracting groups. In §3 we give proofs of Theorems 1 and 2. In §5 we give proofs of Theorem 5 and Proposition 6.
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Preliminaries
2.1. Residual finiteness growth. Let G be a finitely generated residually finite group with a finite generating set S and let φ : G → Q be an epimorphism onto a finite group Q. We say that a set A ⊆ G is detected by Q if A ∩ ker φ ⊂ {1}. We say A is fully detected by Q if φ| A is an injection. Using this notation,
, the word metric ball of radius n with respect to S. Further, Φ G (n) is defined to be the minimal finite quotient Q of G that fully detects B S G (n). We define F G and Φ G as equivalence classes of functions whose values do not depend on generating set. When values are explicitly computed for an n ∈ N, we list the depending on generating set S of G by writing F S G (n) and Φ S G (n). We list some basic properties of F G and Φ G for the convenience of the reader:
(
(2) Let G and H ≤ G be two finitely generated residually finite groups. Then
G → H is a homomorphism between finitely genereated residually finite groups, then there is, in general, no relationship between F G and F H . For instance, while any nonabelian free group has growth between n 2/3 and n 3 [Tho15] , there exists groups with arbitrarily large residual finiteness growths [BRSb] and the free group maps onto Z. In some particular cases, one can draw a relationship: see, for instance, [BRK12b, Lemma 2.4].
2.2. Regular branch, self-similar and contracting groups. The groups we shall consider will all be subgroups of the group Aut T of automorphisms of a regular rooted tree T . Let X be a finite alphabet with |X| ≥ 2. The vertex set of the tree T X is the set of finite sequences over X; two sequences are connected by an edge when one can be obtained from the other by right-adjunction of a letter in X. The root is the empty sequence ∅, and the children of v are all vx for x ∈ X. The set X n ⊂ T X is called the nth level of the tree T X . An automorphism of the tree is a bijective morphism of T X . Let g ∈ Aut T X be an automorphism of the rooted tree T X . Consider a vertex v ∈ T X and the subtrees vT X = {vw | w ∈ T X } and g(v)T X = {g(v)w | w ∈ T X }. Notice that a map vT X → g(v)T X is a morphism of rooted trees. Moreover, the subtrees vT X and g(v)T X are naturally isomorphic to T X . Identifying vT X and g(v)T X with T X we get an automorphism g| v : T X → T X uniquely defined by the condition
for all w ∈ T X . We call the automorphism g| v the restriction of g on v. Notice the following obvious properties of the restrictions:
It follows that the action of the automorphism g ∈ Aut T X can be seen as π g (g 1 , . . . , g |X| ), and we will often write g = π g (g 1 , . . . , g |X| ), where the permutation π g ∈ Sym(X) is defined by the action of g on the first level of the tree, and g 1 , . . . , g d ∈ Aut T X are the restrictions of g on the vertices of the first level of T X .
A subgroup G of Aut(T X ) is self-similar if for every g ∈ G and every v ∈ T X the restriction g| v ∈ G.
An obvious example of a self-similar group is Aut T X itself. We further establish a notion of contraction of the self-similar action.
Definition 8. Let G ≤ Aut T X be a self-similar finitely generated group with a finite generating set S. The number
is called the contraction coefficient of the action (G, T X ). Note that the limit in the definition does not depend on the choice of generating set (see [Nek05, Lemma 2.11.10]).
In other words, a self-similar group G ≤ Aut(T X ) is contracting if there exist positive constants λ < 1, k 0 and C such that for every element g ∈ G and every vertex v ∈ T X of level k ≥ k 0 the following inequality holds g| v S < λ k g S + C.
We refer the reader to Examples 11 and to [Nek05] for examples of contracting actions. Whilst many self-similar actions were proved to be contracting, finding a method to compute the exact value of the contraction coefficient is an interesting open question.
We will need more notation to define branch and regular branch groups. Let G ≤ Aut T X be an automorphism group of the rooted tree T X . For a vertex v ∈ T X the vertex stabilizer is the subgroup consisting of the automorphisms that fix the sequence v:
The n-th level stabilizer (also called a principal congruence subgroup) is the subgroup Stab G (n) consisting of the automorphisms that fix all vertices of the nth level:
Stabilizer subgroups Stab G (n) with n ≥ 0 are normal in G.
Notice that any g ∈ Stab G (n) can be identified in a natural way with the collection g 1 , . . . , g |X| n of elements of Aut T X where g i = g| v is the restriction of g on the vertex v of level n having the number i in the natural ordering of the vertices in the n-the level (1 ≤ i ≤ |X| n ). We say that g is of level n if g ∈ Stab G (n) \ Stab G (n + 1) and we write g = (g 1 , . . . , g |X| n ) n .
The rigid stabilizer rist G (v) of a vertex v ∈ T X is the subgroup of G of all automorphisms acting non-trivially only on the vertices of the form vu with u ∈ T X :
The nth level rigid stabilizer
is the subgroup generated by the union of the rigid stabilizers of the vertices of the nth level. We say that a subgroup K geometrically contains K |X| i , for some i ≥ 1, if for every
We say that a level transitive group 2 G ≤ AutT X is branch if rist G (n) is of finite index in G for all n ≥ 1. In this article we will restrict ourselves to the particularly important type of branch groups introduced by the following definition.
Definition 9. A level transitive group G ≤ Aut T X is regular branch if there exists a finite index subgroup K of G such that K geometrically contains K |X| of finite index.
Lemma 10. Let X be a finite set with |X| ≥ 2 and let T X be the rooted regular tree as above. Let G be a regular branch group acting on T X . Then there exist C, D > 0 such that
Proof. Let d = |X| ≥ 2 and let K be a finite index subgroup of G such that K geometrically contains K d of finite index. The upper bound follows from the following. Let m := max{|G : K|, |K :
The lower bound follows from the following. Suppose that all elements k ∈ K are of level at least i ≥ 0, i.e. K = Stab G (i) ∩ K and there exists k ∈ K which acts nontrivially on the (i + 1)th level. Then k does not belong to the trivial coset of Stab G (i + 1) and thus the index of Stab G (i + 1) in G is at least 2. Observe that K d acts nontrivially on the (i + 2)-nd level such that the elements (k, 1, 1, . . . , 1) 1 , (1, k, 1, . . . , 1) 1 , . . . , (1, 1, . . . , 1, k) 1 , define different non-trivial cosets of Stab G (i + 2). It follows that the index of Stab G (i + 2) is bounded below by 2 d . Inductively K d r acts nontrivially on the (i+r +1)th level and moreover there are at least 2 d r elements which define different cosets of Stab G (i + r + 1); therefore the index of Stab G (i + r + 1) is at least 2 d r .
A subgroup G of Aut T X is said to satisfy the congruence subgroup property if any finite index subgroup H of G contains a principal congruence subgroup Stab G (n) for some n ≥ 1.
A subgroup G of Aut T X is said to satisfy the quantitative congruence subgroup property if there exists N ∈ N such that any normal subgroup ∆ ≤ G of finite index in G containing an element of level n contains Stab G (n + N ). It follows from [Gri00, Theorem 4] that a regular branch just-infinite group G with the congruence subgroup property satisfies the quantative congruence subgroup property (see [BG02, Proposition 3.9] for the details). The quantitative congruence subgroup property is a useful tool for estimating the depth function of a group.
We further give examples of self-similar contracting regular branch groups with congruence subgroup property.
Examples 11.
(1) Let X = {1, 2}. We will be interested in the automorphisms of T X defined inductively by: a = σ, b = (a, c), c = (a, d), and d = (1, b) , where σ is the transposition (1, 2) ∈ Sym(X).
Let the first Grigorchuk group be Γ := a, b, c, d . Clearly, Γ is self-similar. Moreover, it is 1 2 -contracting, just-infinite and regular branch [Gri84] over the subgroup K = (ab) 2 , (bada) 2 , (abad) 2 . It also has the congruence subgroup property [Gri00, Proposition 10].
(2) Let X = {1, . . . , p} where p is odd prime. We will be interested in the automorphisms x and y of T X defined inductively:
where σ is the cyclic permutation (1, 2, . . . p) on X. Let the Gupta-Sidki p-group be G p = x, y . Clearly, G p is self-similar. It is moreover contracting, just-infinite and regular-branch over its commutator subgroup [GS83b, GS84] . Moreover, G p has the congruence subgroup property (see [Gar, Proposition 2.6]). (3) There are various modifications of the Gupta-Sidki group which are self-similar, justinfinite, regular branch contracting groups having the congruence subgroup property.
Here is an example of such a modification. Let G be the subgroup of automorphisms on the rooted p-regular tree for p ≥ 7 generated by x = (1, 2, . . . , p) and y = (x i 1 , x i 2 , . . . , x ip−3 , 1, 1, 1, y) for 0 ≤ i j ≤ p − 1 and i 1 = 0. The group G is regular branch over its commutator subgroup (see [Gri00, Example 10.2]); (4) The Fabrykowsky-Gupta group G acting by automorphisms on a rooted ternary tree and generated by a = (1, 2, 3) and b = (a, 1, b) is contracting, regular branch, justinfinite, virtually torsion free group with the congruence subgroup property (see [BG02, 6.2, 6 .4]). A natural generalization of the Fabrykowsky-Gupta example is a group G p generated by automorphisms a = (1, 2, . . . , p) and b = (a, 1, . . . , 1, b) of a p-regular tree. For every prime p ≥ 5, the Fabrykowsky-Gupta group G p is regular branch just-infinite with the congruence subgroup property due to [Gri00, Example 10.1] and, moreover, contracting (to see this use the equivalent definition of contracting action in [Nek05] ).
3. General branch group bounds 3.1. The proof of Theorem 1. Let H be a finitely generated regular branch contracting group (acting on a rooted d-regular tree) and fix a generating set of H. For every g ∈ H, by the contracting property of H there exist positive constants λ < 1, k 0 and C such that
Suppose g = n for some n ≥ 1. Consider the action of g on the k-th level with k = k 0 − log λ (n) ≥ k 0 . By (2) we have g| v < λ − log λ (n) · n + C ≤ 1 + C. Thus at level k 0 − log λ (n), we have that there exists at most |B H (1 + C)| choices for the projection. It follows that the level of g is at most − log λ (n) + k 0 + D where D is the greatest level for each of the finitely many choices of the projections for g at level k. Thus we may detect nontrivial
which gives us the upper bound,
, so the upper bound is equivalent to
thus finishing the proof of Theorem 1.
3.2. The proof of Theorems 2. Let H be a finitely generated just-infinite regular branch group (acting on the d-regular rooted tree) over K with the congruence subgroup property and let S be its finite generating set. We first construct candidates that maximize D H over the word metric balls of radius n. Since K is of finite index in H, we have that K is finitely generated. Fix a generating set
Let g 1 = k 1 and for i ≥ 2 let g i = (1, . . . , 1, k 1 ) i−1 .
Claim 12. For i ≥ 1 we have g i K ≤ δ i−1 , and consequently g i H ≤ δ i .
We prove the claim by induction. For i = 1 we have g 1 K = 1 and suppose that g i−1 K ≤ δ i−2 .
Consider
Let ∆ be a finite index subgroup that does not contain g i . Since H satisfies the quantitative congruence subgroup property [BG02, Proposition 3.9], there exists N ∈ N such that any finite index subgroup ∆ ≤ H containing an element of level k contains Stab H (k + N ). Thus, if ∆ has an element of level k, we have that ∆ contains Stab H (k + N ). Since ∆ does not contain g i , an element of level i − 1, we have that ∆ cannot contain Stab H (i − 1). Thus k + N > i − 1, giving k > i − N − 1. Thus all elements in ∆ are of level at least i − N − 1 and so by Lemma 10,
Thus, by Claim 12, it follows that
, as desired. This finishes the proof of Theorems 2.
Proof of Corollary 4
In light of Theorem 1, we need only prove the lower bound. Let h i be a sequence in H with h i ∈ Stab H (i) and h i ≤ λ −i . Following the same arguments as in the proof of Theorem 2, we have
as desired.
The Gupta-Sidki and Pervova groups
In this section, we give explicit computations for the Gupta-Sidki p-groups and the Pervova group. We begin by proving Theorem 5, which gives bounds on the residual finiteness growths of the Gupta-Sidki p-groups, G p . Loosely speaking, the idea behind this proof is to find deep elements that are canonically placed in G p with word lengths that do not depend on p.
Proof of Theorem 5. Let G p be the Gupta-Sidki p-group as defined in §2.2 and fix generators x, y, y x . Let · be the metric norm with respect to this generating set. Let p ≥ 5. Set
We claim that for every k > 0, there exists g ∈ [G p , G p ] such that g * ≤ 9 · 3 k and 1 = g ∈ Stab Gp (k). We proceed by induction on k; for the base case one can select g = c.
For the inductive step, we use, as our inductive hypothesis, that there exists g ∈ [G p , G p ] such that g * ≤ 9 · 3 k and 1 = g ∈ Stab Gp (k). Then, by assumption,
where ǫ i = ±1. Let w i be the words with w i (x, y) = a i . Consider the element
where ǫ i = ±1. It is straightforward to see that c = ([y, x], 1, . . . , 1) (c.f. page 387 of [GS83a] ). Moreover, y = (x, x −1 , 1, . . . , 1, y) and y x = (y, x, x −1 , 1, . . . , 1). Thus, we have u = (g, 1, . . . , 1).
It follows that u ∈ Stab Gp (k + 1). Further, writing w i := w i (y, y x ) and c = [
For each i, we have either ǫ i = 1 and
or ǫ i = −1 and
Thus, we have
Since y x is part of our generating set, we get i (4 w i + 10) = i (4 a i + 10), which is clearly less than or equal to 3 g * = i (6 a i + 12). Thus, u * ≤ 3 g * ≤ 9 · 3 k+1 , as desired.
Using the above claim, we get a sequence of points {g k } ∞ k=1 in G p with g k ≤ 9 · 3 k and g k ∈ Stab Gp (k). By the proof of Theorem 2, we have
Selecting p such that log(p)/ log(3) > r finishes the proof.
We finish the section with a proof of Proposition 6. We first recall the definition of the group, and show that it is contracting.
Pervova [Per07] has constructed the first examples of groups acting on rooted trees which fail to have the congruence subgroup property. Her examples include the following one. Consider a rooted 3-regular tree T 3 and its automorphisms a, b and c defined via recursions
Let G be the group generated by a, b and c.
Lemma 13. The Pervova group G is contracting.
Proof. We use a standard argument to show that the contraction coefficient of G is strictly less than 1. All words of length two up to taking the inverse are ab, a −1 b, ab −1 , a −1 b −1 , ac, a −1 c, ac −1 , a −1 c −1 , bc, bc −1 , b −1 c, b −1 c −1 .
For these words and we have reduction of the length on the second level by for every vertex v of the second level of the tree. Let g be a word of length n in G. Then g can be written as a product g = g 1 · g 2 where the length of g 1 is 2 and the length of g 2 is n − 2. For every vertex v of level 2 in the tree we calculate
Suppose v is a vertex of level k with k ≥ 2, then v can be written as a product v 0 v 1 . . . v m where m = ⌊ .
Proof of Proposition 6. Since the Pervova group contains as a subgroup the Gupta-Sidki 3-group, which is known to be a just-infinite regular branch contracting group with the congruence subgroup property (see references in Example 11), we conclude by applying Theorems 1 that F G (n) 2 n 1 log 3 (δ) . The group G is regular branch over the subgroup [G, G], see [BSZ12] . We showed in Lemma 13 that the group G is contracting thus F G 2 n 1 log 3 (1/λ) by Theorem 1. We conclude that the Pervova group has near exponential Φ H growth as desired.
